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Abstract 

A geometric treatment of T-duality as an operation which acts on differential forms 
in superspace allows us to derive the complete set of T-duality transformation rules which 
relate the superfield potentials of D = 10 type IIB supergravity with those of type 
IIA supergravity including Ramond-Ramond superfield potentials (Cj^™'* M2n (Z) resp. 
Cm™ + m 2 „ +1 (%)) an d fermionic supervielbeins (E^' 2 resp. 

E Mi E Ma)- We show that 
these rules are consistent with the superspace supergravity constraints. 



1 Introduction 



T-duality is a perturbative symmetry of string theory which relates, for instance, the type 
IIA and type IIB superstring models (see, e.g., pQ). The study of the bosonic string action 
in a background admitting an isometry [2] provided an elegant representation of T-duality 
as a map between two spacetime field theories. Such a field theoretical representation of 
T-duality was studied for the bosonic limit of supergravity [31 @J 03 El 13 El E3 E3 EH] • 
Progress on its supersymmetric generalization has been achieved only recently |12M13llTl| 
(see |15U16| for earlier study). In 12. the study of the T-duality map of the component-field 
expansion of the Green-Schwarz action for the type IIA superstring up to quadratic order 
in the fermionic coordinate functions 9{r, a) was used to derive the type IIB superstring 
action with the same accuracy and, then, the model for 'massive type IIA superstring' 
(superstring in the Roman's massive type IIA supergravity background). The T-duality 
rules for gravitini have been found in |13| . Finally, in ^1] the T-duality rules for NS-NS 
superfields [Ej^(Z), Bmn(Z) and E^(Z), Bmn{Z)] and fermionic supervielbeins {E^' 2 
and E^},E^ Ia ) were found by studying the relation between complete type IIA and type 
IIB superstring actions and their ^-symmetries However, this approach did not allow to 
find the T-duality rules for Ramond-Ramond (RR) superfield potentials M (Z) 

and CM™ + M 2n+1 (Z)) and required significant efforts to extract the transformation rules for 
the components of the RR field strengths from Bianchi identities. 

One of the messages of this paper is that the complete set of superspace T-duality rules 
(including the rules for the RR superfield potentials) can be obtained from the relation 
between the complete K-symmetric actions for Dirichlet superbranes in type IIA and type 
IIB supergravity backgrounds and subsequent study of the exchange between the type IIA 
and IIB superspace supergravity constraints. Namely, in the first stage, the comparison of 
the type IIA super-D(p + l)-brane and type IIB super-Dp-brane actions ^7j> which are 
known to be related by T-duality provides the T-duality transformation rules for all 

the bosonic superforms of type IIB resp. IIA supergravity: bosonic supervielbeins (E a (Z) 
resp. E a (Z)), NS-NS superforms (B2(Z) resp. B2(Z)) and all RR superforms (C2 n (Z) 
resp. C2n±i(Z)). Then, in a second stage, substituting these rules into the superspace 
torsion constraints and the constraints on NS-NS field strengths of type IIA and type IIB 
super gravities [191 12UI [TT] . one can derive the T-duality rules for the remaining (fermionic) 
supervielbein forms. 

It turns out that the T-duality transformation rules for the bosonic superforms, which 
can be obtained from the comparison of the super-Dp-brane actions (i.e. by the superfield 
generalization of the method of Ref. can be reproduced as well by a straightforward 

superfield (superform) generalization of the final results of Ref. jllj . In this paper 

1 Such a simple possibility to reproduce the superfield results from the component ones can be regarded 
as a reflection of the existence of the 'rheonomic' (group manifold) approach to supergravity |21| (see 
|22| for its superbrane generalization) which allows to lift the component equations (written in terms of 
differential forms on spacetime) to the superspace equations for superforms. This is also natural in a view 
of recent observation 23 that superfield description of the dynamical supergravity-superbrane interacting 
system (still hypothetical for D = 10, 11) is gauge equivalent to a more simple dynamical system described 
by the sum of the standard (component) supergravity action and the action for pure bosonic brane (the 
pure bosonic limit of the original superbrane action). 
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we shall use such a shortcut, it will allow us, in particular, to simplify notations. By 
substituting then the NS-NS T-duality rules thus obtained into the superspace torsion 
constraints and into the constraints on NS-NS field strengths |191 I2U1 117j , we derive the 
T-duality rules for fermionic supervielbein forms in Einstein frame 2 . Finally, we describe 
the verification of the consistency of the complete set of T-duality rules thus obtained 
with the superspace constraints for RR superform field strengths ^7]. The T-duality 
transformation rules are collected in an appendix. 

2 Basic notions and notations 

The tangent space metric is mostly minus, 77-? = diag(+l, — 1, . . . , —1) = 77^. The hat 
symbol * is used to distinguish superfields, coordinates and indices of the type IIA 
supergravity; the superfields and coordinates of type IIB superspace are denoted by the 
same symbols, but without hat. Bosonic supervielbein forms of type IIA and type IIB 
supergravity are denoted by 

type IIA : E & = dZ £l E%(Z), (2.1) 

type IIB : E a = dZ M E a M (Z) , (2.2) 
NS-NS gauge superforms by 

type IIA : B 2 = X -dZ^ A dZ^B^(Z) = ±E 6 A E A B M {Z) , (2.3) 

type IIB: B 2 = X -dZ N A dZ M B MN {Z) = X -E B A E A B AB {Z) , (2.4) 

and the fermionic supervielbein forms by 

type IIA : E & = (E a \E 2 a ), E al = dZ U E$(Z) , E 2 a = dZ A E^\ (Z) , (2.5) 
type IIB : E & = (E al ,E a2 ) , E al = dZ M Ef}{Z) , E a2 = dZ M E$(Z) . (2.6) 

Here a = 1, . . . , 16 is D = 10 Majorana-Weyl spinor index. Upper and lower indices 
correspond to opposite chiralities. Ten dimensional 16 x 16 sigma matrices, ^^^3? 

g.aa/3 are 

real, symmetric and satisfy {a a a b + a b a a ) a ' 3 = 2r] ah 8j; a ab = a^ a a^ = l/2(a a d h - a b a a ), 

~ab = ~[a a b]^ a abc = ^^^^ ~abc = a [a a b~c] ^ gfc Finall y ; 

type IIA: C = C x C 3 C 5 C 7 C 9 , (2.7) 

type IIB : C = C © C 2 © C 4 © C 6 © C 8 © C w (2.8) 

2 Note that, although the authors of |14| worked in the so-called string frame, where the superstring 
action does not include the dilaton superfield, one can verify that the requirement of superstring k- 
symmetry in the presence of standard type II supergravity constraints 1171 (see Eqs. 15.11 - 15.41 below, 
or, equivalently, Ref. |14|: Eqs. (A. 8), (A. 9), (A. 19)) would result in the trivialization of supergravity 
background if one were to drop the dilaton factor from the superstring action. This indicates that the 
standard superfield supergravity constraints have been formulated in the so-called Einstein frame rather 
than in the string frame. Hence, the superfield T-duality rules in the Einstein frame shall be more accessible 
and more useful for applications. 
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denote the formal sums of all type IIA (odd) and all type IIB (even) RR superforms 

type IIA : C 2n+1 = ^dZ^ A ... A dZ^ (Z) , (2.9) 

type IIB : C 2n = ^dZ M ^ A ... A dZ^cgJ . Man (Z) . (2.10) 

2.1 Isometries and underlying superspace _A/f( n l 32 ) 

The coordinates associated with the isometry directions of type IIA and type IIB super- 
spaces are denoted by z and y, respectively. The existence of such isometries provides 
the necessary condition for the existence of a T-duality map. Then we identify all the 
remaining superspace coordinates of curved type IIA and type IIB superspace, i.e. 

type IIA: M { ^ 2) : Z £l = {Z £l , z) , (2.11) 

type IIB : M { ^ 2) : Z M = (Z™,y) . (2.12) 

In other words, we assume that the intersection of curved type IIA and type IIB super- 
spaces, M-fiA^ and A4^g 2 \ defines some D = 9, N = 2 superspace A^ 9 ' 32 ) 

Mff 2) nMS 32) =^ (9|32) (2.13) 
M m : Z™ = (X™,0») , (2.14) 

rh = 0, . . . , 8 , fj, = 1, . . . , 32 . 

This implies that we consider T-duality as an operation acting on differential forms in 
superspace rather than on the superspace coordinates. Such a possibility is guarantied 
by (super)diffeomorphism invariance of (superspace super)gravity, i.e. by its gauge sym- 
metry under arbitrary changes of local coordinate system (in superspace) 3 . However, 
such 'picture changing' allows to breakthrough the problems which hampered the way to 
superfield T-duality rules (see e.g. |2S])- 

Moreover, this point of view makes transparent that type IIA and type IIB theories 
with isometries d% and d y can be defined on the hypersurfaces z = and y = of an 
underlying superspace A / l ( - 11 ' 32 ^ with 11 bosonic and 32 fermionic coordinates, 

^(11132) . (JrM Vi 2). (2.15) 

The notion of the underlying superspace A^ 11 ' 32 ) will be useful to obtain the superfield 
T-duality rules. An unholonomic basis of A^ 11 ' 32 ) should contain 11 bosonic superforms 
which could be chosen as 'mostly IIA', 

{E h ,E*) = {E h ,E*,E*), (2.16) 

or as 'mostly IIB', 

(E a ,E*) = (E & ,E*,E*). (2.17) 

This basis should also contain 32 fermionic supervielbein forms, as the underlying super- 
space has 32 fermionic directions. It is convenient to use either IIA forms (|2.5|) or IIB 
forms (|2.6|) . 

J (Super)diffeomorphism invariance allows one to replace any coordinate transformations by the equiv- 
alent transformations of the supergravity (super)fields (see, e.g., |24j and refs. therein). 
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2.2 On chirality and fermionic coordinates. 

The possibility of identification of the fermionic coordinates of curved type IIA and type 
IIB superspaces, 9^ = 9^, used before Eqs. (|2.11|1 . (|2.12|) . would not seem surprising if 
one remembers that the fermionic coordinates of a general curved superspace do not carry 
any chirality. In contradistinction to the case of flat superspace, the indices /} and fi are 
not the spinor indices of the Lorentz group; 9^ and 9^ are rather transformed by the 
general superdiffeomorphism symmetry. On the other hand, the chirality, which is used to 
distinguish the type IIA and type IIB cases, is defined through the projectors constructed 
from D = 10 Dirac matrices and, thus, is related to the concept of SO(l, 9) Lorentz group 
spinor representation. Hence, in curved superspace, the chirality is a characteristic of the 
fermionic supervielbein 1-forms, Eqs. (|2.5j) . (|2.6|) . which do carry SO(l,9) spinor indices. 

In both type IIA and type IIB they can be considered as a pair of fermionic forms 
carrying Majorana-Weyl SO (1,9) spinor indices a = 1, . . . , 16. As there is no charge 
conjugation matrix in the Majorana-Weyl spinor representation of <SO(l,9), there is no 
way to lower or to raise the spinor indices. Thus the chirality can be identified with the 
position of the spinor indices of the fermionic supervielbein forms. The type IIB theory 
has both fermionic supervielbeins of the same chirality (|2,6j) and is chiral, while the type 
IIA theory has fermionic supervielbein forms of opposite chiralities (|2.5j) and is nonchiral. 

However, this does not imply different properties of the fermionic coordinates of the 
curved type IIA and type IIB superspaces. Only in the flat superspace limits, when one 
takes the fermionic supervielbein to be derivatives of the fermionic coordinates, the chiral 
structure, together with the definite spinor representation of the Lorentz group, becomes 
adjusted to the fermionic coordinates of flat superspace. 

2.3 Isometries and differential forms in superspace 

Arbitrary type IIA (type IIB) super-q-forms 

AdZ M ^ Ml ...M q (Z) , 

AdZ Ah n Ml ... Mq (Z) (2.18) 

allow the decomposition 

Cl q = nj - ) +t f n Adz , 0, q = Q q ~^ + iyCl A dy , (2.19) 

into parts which, respectively, contain and do not contain the differentials of the isometry 
coordinate, dz or dy, 

i s n q := j^dZ^ A ... A dZ^Q^ ^Z) , (2.20) 
n q - } := \dZ^ A ... A dZ^h^^Z) ; (2.21) 

iyCl := ^dZ^ A ... A dZ^n^^Z) , (2.22) 
SlP := \dZ™« A ... A dZ^n A - h S{g (Z) . (2.23) 



fi, = -dZ M i A 



n q = -dz M "A. 
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The conditions of isometry, that is of independence of all superfields on the coordinate z 
resp. y, have been already indicated in Eqs. ()2.2Uj) - (|2.23j) . 

We find convenient to use the supervielbein forms adapted to the isometry, i.e. to 
assume that they obey the superfield generalization of the Kaluza-Klein ansatz For 
the bosonic supervielbein forms it implies the separation of the one tangent (super)space 
bosonic direction, denoted by a = # for type IIA and a = * for type IIB, 

type IIA : E h = (E a ,E*) , (2.24) 
type IIB : E a = (E~ a ,E*), (2.25) 
5 = 0,1,..., 8, 

and the assumption that the subsets of nine bosonic one-forms E a and E a are defined on 
the nine—dimensional superspace 

^(9!32) p 

type IIA : E a = E^ = dZ M E\ { (Z) i~ z E h = if = , (2.26) 

type IIB : E~ a = E d ^ = dZ M E%(Z) => i y E & = E* = . (2.27) 

We find convenient to use the notation izE a and i y E a instead of E~ and E®. 

Thus dz and dy differentials appear only in the bosonic superforms E# and E* respec- 
tively, 

type IIA : E* = E*^ + i £ E*dz , 

E*^ = dZ^Et(Z) , hE* = Ef(Z) , (2.28) 
type IIB : E* = E/*H + i y E*dy , 

£*(-) = dZ Al E* Al {Z) , i y E* = E*(Z) , (2.29) 

but all the superfields in the decompositions (|2.28|) . ()2.29|) depend only on the coordinates 
Z M of the nine-dimensional superspace (j2.13j) . 

The superfield generalization of the Kaluza-Klein ansatz j2H] allows the appearance 
of dz, (dy) terms in the fermionic supervielbein forms ()2.5|) . ()2.6|) as well. For superspace 
calculations it is convenient to redefine the decomposition (|2.19|) of the fermionic forms 
by using the bosonic supervielbein forms E& and E* instead of dz (dy), 

.i,E al 



type IIA : E al = E al ^ + i £ E al dz = E al ^ + E*'- 



n 



E# 



K = E%~) + nEldz = E$- ] + , (2.30) 

i}E# 



type IIB : E al = E al ^ + i v E al dy = E al[ ~ ] + E 



L,E 



oil 



* y 



V ' " ' iyE* 



E a2 = E a2(-) + iyE ^ dy = £ Q 2[-] + E * h£_ _ (2 31) 

i y E* 

Clearly, the relations between the forms E al ^\ Ea \ i£ al,2 H and the forms E al ^~\ 
E$~\ E al ^ of the standard decomposition (t2~2Ul) - (l2~231) read 

type IIA: E al (~) = E al H + £#H kg , ^(-) = £2[-] + £#(-)is|| , (2.32) 
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type I IB : = + £;*(-) , £<*2(-) = £« 2 H + £*R igl .(2.33) 

Such a decomposition is useful as well for the spin connections, 

w &h = w &h ^ + dzwf(Z) = u> aS H + -fS^wfiZ) , 
$ab[-] = ^ab(-) _ M^±wf(Z) ee E h ^w^(Z) + £ q1 H^|(Z) + £ 2H u;f aS (Z) , (2.34) 

w ab = w ab(-) + dywf(Z) = W ab ^ + j^wf(Z) , 
ab[-} = ,„<*&(-) _ _E^ ln ab^) = E~ a ^wf{Z) + E^W^Z) + E a2 ^W^ 2 (Z) . (2.35) 



The use of supervielbein forms adapted to the isometry allows us to write the superfield 
T-duality rules in a compact form. 



3 Resume of bosonic T-duality rules 

Let us begin by a brief resume of the well-known bosonic results. The T-duality rules for 
NS-NS fields (Buscher rules) [2| have the simplest form in the string frame 

String frame : g$ = t^J , 9$ y = JT^&fa , (3.1) 



& = & + Thj (Bm£** ~ 9 ( M1) ■ (3-2) 
e 2 * = , (3.3) 

R — R _i_ _J_ ( f,( s ) r _ ^( s ) R 
^rhh — ^rhh t XiJfhz ^ ijfiz D rnz ) > 

9 2 i 



^ = • (3.4) 

In they were rederived from the relation between type IIA and type IIB D-brane 
actions in purely bosonic supergravity background (i.e. in the background of the bosonic 
fields of the supergravity multiplets). Moreover, in the rules for the RR gauge fields 
were obtained as well. They are 

= Cf\ (3.5) 

^ym, 1 ...rh 2 „-i = ^mi...m 2 „_i + ( 2n ~ 1 )^£[m 1 ...m 2 „--2^ ? "2n-i]i/5ii > ( 3 -6) 

r (2n) M2n+1) „ A(2n-1) A 

u mi...m 2 „ u zmi...m 2 „ ^ alu [rai...m 2 »-i 1J rn 2 n]z 

+ 2n(2n - ^^^.k^^^n-i^Jf/^^ , (3-7) 

/or n = 1,2,3,4 , 

r (10) _ A(9) Q A(9) -j ( ov\ 

'^ym 1 ...m 9 ~ u mi...m 9 + aL, i[mi...m 8 ! ''n9]2' 5,22 ' v 0,0 ^ 

In the Einstein frame, where the metric is redefined as 

f rhA = e 2 S'rnn , 9mn = e 2 g m n , (3.9) 
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the NS-NS T-duality rules read 



e *5ra = ~TT — ' 9rhy = ^—B zfil , (3.10) 



e 2 9mn — e 2 9mn H j; (BfhzBfiz e 9mz9nz) i (^-H) 

(3.12) 



* 



Bfhfi Bfhn p, . ~ ( 9fhz E nz 9hz B m . 

ijzz \ 

Byfh = g~~^9mz • (3.13) 

Clearly, the rules for NS-NS two-forms, Eqs. (|3.13j) . as wen as the RR T-duality rules 
()3.5|) . (|3.6|) . (|3.7jl . (|3,8j) keep the same form in the Einstein frame. 



4 T— duality rules for bosonic superforms 

The T-duality rules for the bosonic superforms of type IIA and type IIB supergravity, 
(THj) . (1231) . (1231) and (f2~2f). (l2~l|) . (t2~TUl) can be derived from the study of the relations 
between the complete K-symmetric super-Dp-brane actions, i.e. by the superfield gener- 
alization of the method proposed in jllj . We will describe these calculations in a longer 
paper. Here, instead, we will perform a straightforward superfield (more precisely, su- 
perform) generalization of the pure bosonic rules from which reproduces exactly the 
same results. To this end 

• one rewrites (j3.1Uj) - H3.13|) . (|3.5j) - (|3.8|) in differential form notations, using, in par- 
ticular, the bosonic vielbein e a — dx m e°^ n {x) instead of the metric 9mn(%^) — c^fian' 
Note that, e.g., 

9mz _ eg m e- _ ^ 

fa ~ kA 4 ' 

where the second equality is valid for the frame adapted to the isometry, i.e. follows 
from the usual Kaluza-Klein ansatz: e a = <ix" 1 e^ l (x), (m = 0, . . . , 8, a = 0, ... ,8), 
which implies ef = (cf. (f2~2UjO . 

• One replaces all fields by superfields, but assumes independence on one superspace 
bosonic coordinate, z = X 9 for type IIA and y = X 9 for type IIB superfields, which 
describe the bosonic isometry directions. 

In such a way, starting from Eqs. (|3.10|) - (|3.13|) . one reproduces the following superform 
generalization of the NS-NS T-duality rules (|33nl - (j3~T3^ 

e^E^ = e^E a ^ , (4.2) 

eT iyE * = (4.3) 
e4 i z E# 

ef £*H = (4.4) 
i z E# 
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e^ Z) = , (4.5) 

e4 i & E# 

E#(-) 

iyB2 = —-r, (4.6) 
HE* 

BP = BP- i g B 2 A . (4.7) 

Here we have used the decomposition (j2.19j) for type IIA and type IIB NS-NS superforms 
as well as the supervielbein forms adapted to the isometry, Eqs. (|2.24jl - (|2.29jl (i.e., obeying 
the superfield Kaluza-Klein ansatz |26|). 

In the same manner, writing Eqs. (|3.5j) . (j3,6j) . (j3,7[) . (j3,8[) in the differential form 
notation and replacing all the forms by superforms subject to the superspace isometry 
conditions, one can arrive at the T-duality rules for the Ramond-Ramond superfield 
potentials, 

C (0) = ifCi, (4.8) 
iyC 2 „ = -C^ii + — r— A iiC 2n _l , (4.9) 

Cfc } = i*<3Wi + isB 2 A ^tli - A ^a 2 „_i^ , (4.10) 

for n = 1,2,3,4 , 

i y Cio = ) + — A i,C 9 . (4.11) 

Note that, if we had made use of supervielbein forms which were not adapted to the 
isometries as in (|2.24|) - (|2.29|) . we would have arrived at more complicated expressions for 
the T-duality rules, 

*(Z) / \ #(Z) ~ , , / *(Z) ™(_). i(Z) ■ A \ 

e ^ E a(-) = e^E^H + e ^ iUA _ e __ ^ \ ■ E a u j 2 ) 

e*H,iS» = -^, e 2 * = -^, ^ 2 = ^^, (4.13) 
BP=BP-i s B^^^, (4.14) 



G« = i g E*i g E tt . (4.15) 



where 



These coincide with the rules from Ref. |14j up to the dilaton factor, the discrepancy 
comes from the fact that Ref. |14j deals with supervielbeins in the string frame 



type IIA: {£ & , £ al , £~l) = (e* E a , E al , e« E?' 



al i 



type IIB : (£ a , £ al , £ a2 ) = (e~ E a , e» E a , e» E ) . (4.16) 

Below we show that the T-duality transformation rules for fermionic supervielbein 
forms can be derived by using the rules for the bosonic forms together with the supergravity 
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constraints. These fermionic T-duality rules also coincide with the ones from |14j after 
transformation to the string frame. 

However, our approach also allows one to derive the T-duality transformation rules 
for the RR superform potentials, Eqs. (|4.8|) — (|4.11|) . For general supervielbeins which are 
not adapted to the isometry they read 

C (0) = kC x , (4.17) 

i y C 2n = ~C { 2n U + - F JL -^MiC 2n -i, (4.18) 

C { 2 - ] = i S C 2n+1 + i,B 2 A (d^ - Ea( ^ Ea A nCto-^J , (4.19) 
forn = 1,2,3,4 , 

w > E a ^i-E 

iyC w = -C { 9 - ] + 7< - A i,C 9 . (4.20) 

Eqs. (|4.12|) - ()4.15() . ()4.17j) - (|4.19j) possess manifest Lorentz (SO(l,9)) invariance. How- 
ever, one shall keep in mind that they hold for superspaces with bosonic isometries. So 
we prefer to take advantage of supervielbein forms adapted to the isometry, Eqs. (|2.24l) 
(|2.29|) . and to use a simpler and more geometrical form of the T-duality rules, Eqs. 
gSD-gZZD, M- il4"TU]) 4 . 

4.1 Compact form of the T— duality rules for superforms 

For future use it is convenient to present the T-duality rules (|4.6)l . (|4.7|) as a relation 
between complete NS-NS superforms B 2 and B 2 . To this end one uses Eqs. (|2.19|) to 
rewrite Eq. (|4.7|) in the following form 

B 2 = B 2 - {dy + izB 2 ) A \dz + — ^— + dy Adz . (4.21) 

Furthermore, using the T-duality rules (jO|) . (J4~I)|) (which imply £*H = E* - i y E*dy = 
izB 2 i y E*, i.e. dy + izB 2 = E*/i y E*) and extracting i y E* i^E^ in the common denomi- 
nator, one finds 

B 2 = B 2 - -^-E* AE* -X- + dy Adz . (4.22) 

lyE* l g E# 

In the same manner the T-duality rules for RR superfield potentials, Eqs. (|4.8j) - (|4.1U|) . 
can be collected in the following compact expression written in terms of the formal sums 

4 If necessary, the generalization to supervielbein forms which are not adapted to the isometry can be 
made quite easily. To this end, one should take our equations and replace all the expressions with broken 
ten-dimensional Lorentz symmetry by formally covariant expressions, which are equal to the original ones 
for the adapted supervielbein forms. For instance, 

£#(-) E a( - ] i-E -m. -m. - 

i s E# i B E*uE* (hi 
etc. Note that in this way one identifies a = a to make sense of relations like I4.12H . 
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of all type IIB and all type IIA forms, (fT%|) and ((277)1 . 

C = i 5 C + (dy + izB 2 ) A CH A i 5 C . (4.23) 

V / 

Eq. 1)4.23)1 can be used in its complete form to extract the rules for type IIB 2n forms C 2n 
up to Cg. For Cio we have only i y contraction of this equation (Eq. (|4.2U|) V 
The relation inverse to ((4.23)1 reads 

/ E*H \ 

C = -i y C + (dz + i y B 2 ) A CH - i y C A -— (4.24) 

\ l v E * J 

and can be used in its complete form for all type IIA superforms, including Cg. 



5 T— duality rules for fermionic supervielbein forms 

5.1 Supergravity constraints and spinorial cohomology approach 

In this section we will show that T-duality rules for the fermionic supervielbein forms 
(J273UJ), ((2.31)1 can be derived from the rules for the bosonic supervielbein (Eqs. 1)4.2)1 - 
(|IJ3)) and NS-NS superforms (Eqs. (gj|, (jH|) or (jOSjl l with the use of D = 10 type IIA 
and type IIB supergravity constraints (T7) . 

These superspace constraints imply the following expression for the bosonic torsion 
2-forms 

IIA f & := dE & - E b A w h & = -iE pi A E 7l a% 7 - iE 2 p A E 2 , (5.1) 

IIB T a := dE a - E b A w b a = -iE pi A E^a^ - iE? 2 A E^ 2 a a ^ , (5.2) 

and for the NS-NS gauge superfield strength 

type IIA H 3 := dB 2 = -ie^E & A (E 131 A E^a^ — Ep A E 2 a^) + (5.3) 

+ e£# A ^ A (^V aS ^V 7l $ + E 2 a^<V^) + 1^ A E b A E^H^y , 

type IIB : # 3 = c2£ 2 = -ie^E a A (£ al A E 131 - E a2 A £^ 2 )cr a a/3 + (5.4) 

+±e^£ 6 A E a A (E al V^ - E a2 Vf3 2 $) (a ab )£ + i£ c A E b A E a H abc , 

as well as certain expressions for the fermionic torsion 2-forms (T 131 := VE^ 1 , T p := DE^ 

and T' 31 ' 2 := DE^ 1 ' 2 ), curvatures of the spin connections (i?" b := dw ab — w ac A w b and 
R ab := dw ab — w ac A w b ) and field strengths of the RR superforms (R 2n+2 = dC 2n +i — 
C 2n -i A i?3 and R 2n +i '■= dC 2n — C 2n _ 2 A H%, see below). For shortness we will call 
'constraints' all the above mentioned relations (although they include not only the proper 
constraints, see [27)^3120]) but also their consequences). 

The complete set of the superfield T-duality rules should be consistent with all the 
constraints; i.e. it should map the complete set of the type IIA constraints, Eqs. 1)5. 1)1 . 



10 



()5.3)1 . etc., into the complete set of the type IIB constraints, Eqs. I|5.2|) . (|5.4|) . efc.. Clearly, 
a part of such correspondence should be sufficient (and, indeed, is sufficient) to derive 
the T-duality rules for the fermionic superforms, while the check of the correspondence 
between the remaining constraints promises to be the quite involved exercise. 

Fortunately, the situation can be simplified drastically by the use of theorems about 
interdependence of the constraints (see, e.g., |271 1191 120] )- The differential form constraints 
contain a number of spin-tensor and tensor relations (e.g. -ff a i / gi 7 i = 0, H a ipi l2 = 0, 
• H a xp lc = -2ie^a cal3 , H a i bc = \e* (a hc )oPV px$, ... in (JOJ)) which we call 
'components' (not to be confused with components of superfields) . It is convenient to 
classify them by dimension (in energy units and corresponding to the lower case indices, 
e.g. 3/2, 3/2, . . ., 2, . . ., 5/2, ... in the above example). Then, using the Bianchi identities, 
dHs = and dH% = 0, one finds |19) 120. that all the components of dimension more than 2 
in the constraints (|5.3|) and (|5.4j) can be derived from the lower dimensional components of 
the same equations (i.e. coefficients for a basic 3-forms E A A E B A E c with not more than 
one bosonic supervielbein form E a ) and the constraints for the bosonic torsion two-forms, 
1)5.1)1 and 1)5 . 2 j) . respectively 5 . 

This allows us to search for the T-duality rules for the fermionic supervielbein forms 
by requiring the consistency of the rules for the bosonic superforms (Eqs. (|4,2[) - (|4,11|0 
with the lower dimensional components of Eqs. ()5.3)1 . (|5.4|) and the (complete) constraints 
(j5.1)l . 1)5.2(1 . It is convenient to organize this procedure as follows. We will study the 
consistency of the T-duality rules with the complete constraints ()5. 1(1 - 1)5.4(1 . but ignoring 
in (|5.3f) . 1)5.4)1 the terms 0(E a f\E b ) and 0(E a AE b ), which include more than one bosonic 
supervielbein form. Such method is close in spirit to the 'spinorial cohomology approach' 
developed recently in [2Hj (for a different problem, see also [29 ). 

Due to the same reason we can also omit from the consideration all the expressions for 
the fermionic torsions, T al , T 2 and T a1,2 , and for the curvatures, R ab := dw ab — w ac f\w b 
and R ab := dw ab — w ac A w b . Their form can be derived from Eqs. 1)5.1)1 - 1)5.4)1 with the 
use of Bianchi identities (see footnote 5) and, hence, their consistency with the T-duality 
rules should be guarantied by the consistency of Eqs. 1)5.1)1 - 1)5.4)1 . The consistency of the 
T-duality rules with the constraints for RR field strength will be discussed in Sec. 5. 

5.2 Torsion constraints and superfield Kaluza Klein ansatz 

First observe that using the superfield Kaluza-Klein ansatz for the bosonic supervielbein 
forms, Eqs. ()2.26j) - (j2.29)) . in the torsion constraints 1)5.1)1 with a = # and 1)5.2)1 with a = *, 

5 Actually, in such calculations one needs to know as well the constraints for the fermionic torsion 2- 
forms. However, they, as well as the expressions for the curvatures of spin connections, can be completely 
restored from the constraints for the bosonic torsion two-forms, 15. 11 and 15. 2H . with the use of Bianchi 
identities 



Vf & = -E b A , Vt 



E 01 /\R i& - 




. 13 
ba a ' 



VR b& = , 



and 



VT a = -E b A R b a , 
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one finds (in our notation a* = — a# = a 9 = a* = —a*) 

type II A i z E al = % -a*^V pi i- z E* , i £ E 2 a = ~<j# V%i z E# , (5.5) 

type IIB i y E al = % -a* a N pi i y E* , i y E a2 = % -a* a N ^i y E* , (5.6) 

as well as 

Wza* = -VaizE* , Wya* = ~V a i y E* . (5.7) 

Eqs. ([5.5)1 . 1)5.6)) imply that our problem reduces essentially to the search for the T— 
duality rules for E al ^~\ Ea \ and E a1,2 ^ which, then, will allow to define the rules for 
the fermionic covariant derivative entering Eqs. 1)5 .5|) . 1)5.6)1 (see below). 

Eq. 1)5.1)) with a = a = 0, . . . , 8 and 1)5.2)1 with a = a give the expressions for type 
IIA and type IIB representations for the bosonic torsion of nine-dimensional superspace 

(E3H), 

type IIA : pH£>R : = dE h ^ - E 1 ^ A w^~\ & = 

= -i^H A - iiJH A £.2[-] ~a/3 7 ; (5-g) 

type IIB : pH^H := ^H_£K-) Aw Hi = 

= -i^H A E^a% - i^H A 5 (5 . 9) 

as well as (in the parts proportional to E# and .67*) specify completely the parts u)# a H 
and iu* a H of the spin connections. Collecting the latter result with Eqs. (|5.7[) . we find 

type //A : w#" = -^-(E^w.f - 2iE al ^a%i z E^ - 

i z E# 

-2iE 2 J^d' aaf3 ^Ef~ ] - E*V%E# ) , (5.10) 

type IIB : w*~ a = -^(E h ^w y - b d -2iE al ^a^i y E^- 
i y E* 

-2iE a2 ^al p i y E p2 - E*V%E* ) , (5.11) 

5.3 T— duality rules for fermionic forms from the supergravity constraints 
I. General structure from NS-NS constraints 

First, let us observe for future use that Eq. ()4.21|) allows to derive the T-duality rule for 
the NS-NS gauge superfield strength ()5.3)) and 1)5.4)) . It is convenient to present them in 
the form 

H 3 =H 3 - \^dz + -j^j A HH 3 + \dy + -j- j A i y H 3 , (5.12) 

using the identities di z B2 = —i z H 3 , di y B2 = —i y H 3 implied by the isometry conditions. 

On the other hand, taking the exterior derivative of Eq. 1)4.22)) and using the definition 
of the superspace torsion, Eqs. 1)5.1)1 and 1)5.2)1 . one obtains another (equivalent, but more 
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convenient) form of the T-duality rules (|5.12l) . 

H 3 = H 3 l -^—E*f\T* + !-^E # Ar+ (5.13) 

i y E*i B E# iyE*izE# 

+- (E* A£ l A w-* - E* A E l A w-* + E* A E* A dlog\i v E* i B E# 



i y E* hE# 



Substituting (|5.1jl - (|5.4jl into (|5.13|) and taking into account Eqs. ()4,2j) - (j4,5j) one finds 
after straightforward algebraic manipulations 

- ie^E'^ A[(E^ A E^a Wl - e K*-*) A E^a~ aM ) - (5.14) 

- (E? 2 A EP 2 a~ aPl + ei<*-»> E% A Offi)] + 

+ie**{E* + e *<*"*> Eft) A[E^ A E^a* - e*(*"*> ^ A £*V# ] - 

-ie3*(£;* - e*(*"*> E#) A[E? 2 A i^V# + e K*-*> £| A £ 2 <r#^] = 

= 0(£ a A , £ a A £ # ) . 

In Eq. 1(5. 14 j) 0(E a A , E a A E&) denotes the terms containing at least two bosonic 
supervielbein forms of the underlying superspace 7W( n l 32 ) 1(2150 . As only 11 bosonic 
supervielbein forms, e.g. (|2.17)L can be considered as independent on ,/Vr 11 ' 32 ), Eq. 1(5. 1 4 j) 
implies 

E 131 A W x a^ -El 32 A EP 2 a~ aM = (5.15) 

= e J(*-*) A ^V^ 7 -eiC 1 "*) £| A £ 2 af + 0(£ a , £ # ) , 
E 131 A £ 7 V#, - e ?(*-*) ^ A £ 7 Vf 7 = e>(£ a , E*) , (5.16) 
S' 32 A EP 2 a* 1 + es(*-*) £ 2 A £ 2 a#^ = 0(£ a , £ # ) . (5.17) 

Hence Eqs. (|5.15|1 — (|5.17|) suggest the following relation between the type IIA and type 
IIB fermionic supervielbein forms 

e !* s /9iH = e |* (^iH + ) , (5.18) 

where u- 1 and z^ 2 are indefinite coefficients. Below we will find their explicit form from 
the torsion constraints (|5.1|) and (|5.2[) . 

In conclusion of this section we note that Eqs. ifOS]) . lETTOll are sufficient to find the 
relation between covariant spinor derivatives acting on a scalar superfield V(Z) defined 
on the nine-dimensional superspace .A/f*- 9 ' 32 -* (|2.13|) . The differential acting on such a 
superfield V(Z), dV(Z) = dZ M d^V(Z), can be decomposed either on type IIA or on 
type IIB supervielbein forms, 

dV(Z) = dZ £l d Kl V{Z) = E a ^V~ a V(Z) + E al ^V al V(Z) + E$~ ] V%V{Z) = 

= E~ a ^\7~ a V(Z) + E al ^V al V(Z) + £ q2 H V a2 V(Z) . (5.20) 

Substituting the T-duality rules ijP]) . (|5~TH|) . ([5~TU|). one finds that Eq. (fB~2H|) implies, in 
particular, 

e-**V„iV(Z) = e-I*V al F(Z) , e-i*V a2 y(Z) = -e"**^ Vf . (5.21) 
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5.4 T— duality rules for fermionic forms from the supergravity constraints 
II. Complete form from torsion constraints 

First, let us observe that the T-duality rule (|4.2j) implies the following relation between 
the type IIA and type IIB representations for the torsion of nine-dimensional superspace 
M^ 2 ^ (t2~T3l (see l.h.s's of Eqs. (JEEJ) and 

e f V l-] E &(-) = e f [£[-]£*(-) + I^(-) A _ $) + #(-) A (tfHJi _ u,H.a)] . (5.22) 

Using the constraints 1)5. 8|) and (|5.9j) and the relations between fermionic forms 1)5. 18)1 . 
(|5.19() one finds that the lower dimensional components of the Eq. (|5.22j) are satisfied 
identically, while the dimension 3/2 components provide one with the equations for z/? 1 
and Va*, 

2id%4 1 = \5~ b \V al $ - e K*-*)V al $) + Ati [ - ] al f , (5.23) 
2ia~ aa/3 v i 2 / = ^(Vf* - el^-^a* a Np 2 ®) + Ati'"^ 5 , (5.24) 

where Ai&Hf = (t&H - w^)f = E^Aw^-f + E al ^Aw^ al f + El H Aw^f. 
The solutions of these equations, 

4 1 = ~Sf (V al $ - ei(4-*) Val $) , (5.25) 
»al = -^(Vf $ - eK 4 - $ )a#^V^$) , (5.26) 

o 

provide us with the following final form of the essential fermionic T-duality rules 

e !*(£/3iH _ -£«(-)«=r/^V 7l $) = es* (^ 1H - -^ ( - } ^V 7 ii) , (5.27) 
8 8 

e i*(£?/»H _ i^ a (-)^/TV 72 #) = e5* cr#^ (£*H _ I^C-Va^v^*) • (5.28) 
8 8 

Note that if we used (|5.2(Jf) to decompose d<& in Eq. 1)5.22)) on the type IIA superforms, 
Eqs. (pT25|) . (|5~26|) would read 



v 



131 _ 1 ~a/3 



a 



<7fV al ($-<&), (5.29) 



^a = -g^Vf(*-*), (5.30) 

where ($ — $) could be expressed through the type IIA superfields by using the T-duality 
rule (|4~5|) . 

<l(iT) - $(2T) = ln(e^i & E*) , (5.31) 

Such notation allows us to rewrite the rules (|5.27|) . (|5.28|) in slightly different form, see 
Eqs. 1)5.39)1 . 1)5.40)1 below. As a by-product, on these stages one also obtains the T-duality 
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rules for the 'nine-dimensional' part of the spin connections (see 

w ba[-] = ^feH + I^lH^^/V/ji^ -*) - ^ H (^ fe )/J a Vf (* - *) + 
+jB W-)V a ](4» -$) - (V^ Q/3 V a i(l> - $) V/ji(* - $)+ 

+ ^ S a/3 Vf($- $) v£ ($-*)) , (5.32) 

where one can substitute Q5.31JI for ($ — <E>). 

To complete the fermionic T-duality rules we have to find the relation between the 
fermionic superfields i z E al , i z E\ and i y E a1,2 . As that are composed, Eqs. (|5.5|) . (|5,6jl . 
to this end it is sufficient to use the relation between covariant spinor derivatives, Eqs. 
(52HJ, for V(i) = #f (i) = and V(Z) = E*(Z) = i y E*. In such a way one finds the 
following T-duality rules for the fermionic superfields Ef (Z) = i z E al , E 2 a {Z) = i z E\ 
and Ef' 2 (Z) = i y E al > 2 : 

+ ** ( W + I s "***) ' (5 ' 33) 

Eqs. (|5.27|) . (|5.28j) can be collected together with Eqs. 1)5. 33 J) . 1)5. 34j) in the following 
fermionic T-duality rules involving only the complete forms and their contractions 

e s*(£0i - -E a a a ^V^) = e§* {E? 1 - -E a a a ^V^) - 
8 8 

_ e |* ( E # + e \{*-*) E *) ( i J^ + ia*^% 1 $) , (5.35) 
v ' \i s E* 8 J 

ei*^ _ i^^/7V 72 $) = e l* cr#^ (£? - l -E a a aP7 V^) - 

o o 



e i* (£# _ e i(»-*)^) ^ + * # . (5.36) 



Indeed, due to the last terms in (|5.35j) . l)5.36j) . the relations obtained by contractions of 
these equations with i z are satisfied identically, while the contractions of these equations 
with i y reproduce the T-duality rules for spinor superfields (|5.33|) . (|5.34|) . The parts of 
Eqs. ()5.35|) . 1)5. 36|) which do not contain neither E& nor E* reproduce Eqs. (|5.27|) . (|5.28|) . 

It might be useful to rewrite the fermionic T-duality rules in the more standard form 
similar to the one of Eqs. (|4.2[) — (|4.7|) . To this end one uses ()5.21|) and (|4.5|l to present 
Eqs. (I5~33l) . (l5~34l and (l5~27l . (l5~28ll as 

e^j^r = -e-4* + - ^V 7l /n (eW)), (5.37) 

iy} 



e-^f^r = ^ ^ + ~ - 8 4^> [e%E*) (5.38) 
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and 



h* E Pi[-] = e l* r^H_l^a(-)ar a ^v 7l Zn^*^JJ , (5.39) 
§*£/»[-] = e i*^#/37 ^H-l^H^V^n^E*)) . (5.40) 



Let us comment on the relation of the above results with the T-duality rules for 
fermionic superforms in the string frame (see Eq. (|4.16jl ) derived in Ref. |14j . To this 
end, at first, one ignores the dilaton superfield in Eqs. (|5.33j) . Q5.34JI and, at second, one 
passes to the general supervielbein forms (not adapted to the isometries). The result is 

Ef = f- , E? = ^J^- , (5.41) 

\\Qzz\Qzz 



where 

Qzz = SlSza ■ (5.42) 

In the same manner, ignoring the inputs from dilaton superfields in Eqs. I|5.27|) . I|5.28|) . 
and passing form J5H to fiH by the use of (IP^ . (J233J), we arrive at 

Qzz Qzz 



Eqs. (|5.41jl . (|5.43j) coincide with the T-duality rules for the fermionic supervielbein forms 
presented in Ref. [Tl| 6 . 



6 Consistency of the T— duality rules with the constraints 
for RR field strengths 

Thus all the T-duality rules are restored with the use of the torsion constraints and the 
constraints for the field strengths of the NS-NS gauge superforms. The question remains: 
whether these the T-duality rules, including Eqs. (|5.35|) . (|5.36|) and Q4.23j) . are consistent 
with the constraints for the field strengths 

R = dC-CAH 3 = R 1 ®R 3 ®R 5 @R 7 ®R 9 , (6.1) 

r = dc - c a h 3 = r 2 e r a e r 6 e r 8 R w , (6.2) 

of the RR superforms Q2.8J) . (|2. 1U|) and l|2.7jl . (|2.9j) . These constraints can be found in 
|17j . For our consideration it is convenient to collect them in the following equations for 
the formal sums of the RR field strengths 

R = dC-C AH 3 = 2ie~^ E al A E} A j($f a + ... , (6.3) 
6 An evident factor \j\J\Qa\ in Eqs. JOU, jOSt for £ 02 should be restored in Eqs. of Ref. 
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R = dC -C AH 3 = 2ie~t $ E a2 A E pi A a($) a p + ... . (6.4) 

Here the matrix valued formal sums of differential (super)forms ^(<t)P a , cr(Q) a f3 are defined 
by 

%$f a = j/» a e 7 (2) {$f a © 7 (4) (*A e 7 (6) (*) /3 a e t (8) ($)^ (6.5) 

¥ 2n \$r« = f^E^ A ... A E^a ai ... a2 J a , (6.6) 

a(d>) Q/3 = © © a(d>)g , (6.7) 

^(^)S l+1) = fS^ 2 " +1 A ' ' ' A ^^..-Wi^ • ( 6 - 8 ) 

The terms denoted by ellipses in Eqs. ()6.3j) . (j(j.4|) include not more than one fermionic 
supervielbein form and can be ignored due to the following reasons. When the expressions 
for certain differential q-forms (q > 2) are extracted from (|6.3j) . (|6.4[) . the terms with 
less than two fermionic supervielbein forms contain more bosonic supervielbein forms 
and, thus, describe the higher dimensional components of the q-form equation. However, 
as in the case of NS-NS superfield strengths (see Sec. 5.1), such higher dimensional 
components can be derived as a consequence of the lowest dimensional ones and the 
torsion constraints (|5.1|h (|5,2[) with the use of superspace Bianchi identities (which can 
be collected in dR = R A H 3 and dR = R A #3). Thus we can conventionally ignore 
them in the analysis of T-duality as there consistency is guarantied provided the lowest 
dimensional equations are consistent with the T-duality rules. This is a 'bottom-up' form 
of the spinor cohomology approach of Sec. 5.1 7 . 

Having in hands the explicit T-duality rules for the RR fields, Eq. Q4.23JI . one can 
obtain by direct calculations the T-duality rules for their field strengths. To this end one 
can 

• take the derivative of Eq. (j4.23|) ; 

• use the conditions of isometry for NS-NS two forms and RR forms 

d(i y B 2 ) = -i y H 3 , d(izB 2 ) = -izH 3 , d(i v C) = -i y (dC) , d(i & C) = -i z {dC) , 
to arrive at the expression in terms of the field strength; 

• use Eqs. ijOjl . (IO) to obtain the expressions in terms of generalized field strength 
R and R instead of dC, dC; 

• observe that in the result of such calculations all the terms involving potential(s) C 
(after the use of Eq. (|4.23[) ) can be collected in the expression 

C A (#3 - #3 + (dy + E*^/i y E*) A i y H 3 - (dz + E*^/i B E*) A i e H 3 ) 

which vanishes in accordance with (|5.12|) . 

7 The constraint Ri = dC = e - *^ 1 V« 2 $ - e~*.E^ 2 V«i$ + E±Ra for the axion 'field strength', which 
is completely hidden in ellipses in Eq. (16.41 1 . also can be derived from the torsion constraints. 
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In such a way we arrive at the T-duality rules for the RR field strengths (|6.4|) . (|6.3|) . 



it! = + f % + — A ( i? + (ds + — g^) A hR\ , (6.9) 

which are gauge invariant and resemble the rules (|4.23j) for the RR superfield potentials. 

Now one can verify that the derived T-duality rules are completely consistent with 
lower dimensional spin-tensor relations involved into the differential form constraints (|6,3j) , 
1)6. 4|) for RR field strength. To this end one i) substitutes the constraints (|6.3j) . (|6.4j) into 
(|6.9|) ii) checks that the resulting equation is satisfied identically when the T-duality rules 
for NS-NS superfields, Eq. (|4"2|) - (|4~T|) . and for the fermionic forms, Eqs. (|5.35j> . (|5.36|) . 
are taken into account. In the light of above consideration (on the 'bottom-up' form of the 
spinor cohomology approach) , on this way one can ignore the terms denoted by ellipses in 
ljfi.3|) and (|fi.4|) . as well as the terms with less than two fermionic forms which appear after 
substitution of the fermionic T-duality rules into Eqs. I|6.3|) . ()6.4|) . With this shortcut 
the explicit check of the consistency reduces to a simple exercise in sigma-matrix algebra, 
which we leave for reader. 



7 Conclusion 

In this paper we have obtained the complete set of the superfield T-duality rules which 
are summarized in the Appendix A (see Sees. Al and A2). These are the relations be- 
tween all superfield potentials of type IIA and type IIB supergravity, including fermionic 
supervielbein forms and all the Ramond-Ramond superfield potentials. For their deriva- 
tion we used the supervielbeins in the Einstein frame which are adapted to the isometries 
(i.e. obey the superfield generalization of the Kaluza-Klein ansatz [21] )• We also present 
the rules formulated for general supervielbeins in the string frame, where our results for 
NS-NS superfields and fermionic superforms coincide with the ones obtained in ^3] (Ap- 
pendix A2). Thus we completed the rules from Jl] by the T-duality rules for RR gauge 
superfields. We also propose the differential form representation for the T-duality rules 
(Appendix A3) which have allowed to verify their consistency with the complete set of 
supergravity constraints. 

Let us stress the basic observation which has allowed us to sort out the problem that 
hampered the way to the complete superfield generalization of the T-duality rules. It 
consists in the possibility to treat the T-duality as a transformation of supervielbein and 
other superforms rather than of the superspace coordinates. This implies the identification 
of all the fermionic coordinates of the curved type IIA and type IIB superspaces, as well 
as of all but one their bosonic coordinates. The identification of the fermionic coordinates 
of curved type IIA and type IIB superspaces is possible due to the fact that fermionic 
coordinates of a curved superspace carry neither spinor indices nor chiralities, but rather 
are transformed by superspace diffeomorphisms. The different chiralities of the fermionic 
coordinate of the Eat type IIA and type IIB superspaces originate in different chiralities 
of the fermionic supervielbein forms of the curved superspaces and can be reproduced 
in the flat superspace limit, after the fermionic supervielbein forms are identified with 
the exterior derivatives of the fermionic coordinates. As far as the curved superspaces 
are concerned, assuming that the type IIA and type IIB supergravities have one bosonic 
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isometry direction, z and y respectively, one may consider them as defined on surfaces 
y = and z = in the underlying eleven-dimensional superspace .M^ 11 ' 32 ) ()2.15j) . The 
intersection of these surfaces gives a nine-dimensional superspace .M^ 9 ' 32 ) ()2.13j) . 

Our results clarify the relation of T-duality with superfield formulations of supergrav- 
ity and, as we hope, might provide new insights in M-theory. Our approach can be also 
extended to the more complicated SO(n,n) T-duality provided the superfield general- 
ization of the Kaluza-Klein ansatz for the dimensional reduction down to d = 10 — n 
dimensions is elaborated for these cases. 
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Notice added 

When the present paper has been published, we became award that the T-duality rules 
for the bosonic RR fields were obtained for the first type in Ref. 3"U|. several months 
before [TT] . 
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Appendix A: Summary of superfield T— duality rules 



Al. T-duality rules with supervielbein in the Einstein frame 
adapted to the isometry ( 12^*1 

For the bosonic supervielbeins adapted to the isometries, i.e. obeying Kaluza-Klein ansatz 

m 

type II A : E h = (E d , E#) , E a = E a ^ = dZ M E%(Z) (A.l) 
type IIB : E a = (E d , E*) , E h = E^ = dZ M 'Efa(Z) , (A.2) 

the T-duality rules for NS-NS superfields have the form: for the bosonic supervielbeins 



e * £°H = e±E a ^ , e~ E* = -J— , e~E<^ = , (A.3) 

e^EJ e-Ef 

for dilaton 



e* (Z) = ^— , (A.4) 



and for the NS-NS superforms 

i y #2 = , B ( 2 > =B ( 2 > - i B B 2 A — . (A.5) 

Ef Ef 



z 



The T-duality rules for fermionic supervielbeins are 

= -e-l* ^ + icr#^V 7l $-icr#^V 7l in( C f^)) , (A.6) 
e-i*^ = e"i*o^ ffi + ^| 7 V^-^f 7 V>( e f#)) , (A.7) 



v 

la 

e 



£ ,/31 H = el* (^H-I^aHcrs^^nfe!^)) , (A 



= e |*^7 (M-]_*^a(-) ff y7 Zn e fR# . (A.9) 



T-duality rules for the RR superform potentials are 

iyC 2n = -Cgn-i H ^-Ai^C 2n -i, n = 1,2, 3, 4, 5 



= kC 2n+1 + i- z B 2 A ( Cii - 5^ A i^-l ) , (A.10) 



2 



n = 1,2,3,4 . 
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A2. T-duality rules with supervielbeins in the string frame 
which are not adapted to the isometry 

The relation between Einstein frame and string frame supervielbein is given in Eq. (|4.16jl . 
In the string frame the T-duality rules for NS-NS superfields acquire the form (the super- 
vielbein forms are not assumed to be adapted to the isometries as in Appendix Al) 

cat—) C n - ft P a 

£«(-) = £a(-) + & a Iza _ hg2 S a ^ = ^ (A n) 

Gzz Gzz Gzz 

B^=B^-i £ B 2 A^-^, ly B 2 = ^—J^. (A.13) 
The T-duality rules for the fermionic supervielbeins are 

A/31 ca~f3~<c2 

£* = ej» = ^J?L, (A.14) 

\Qzz Gzz 



gPl(-) = cPK-) C C za £01 ! l z a 2 A/31 



A £ Z +~^ C z > 

cj32(-) _ ^f^a 7 ( c2(-) ^Z^za A 2 (-) ^gg ^ 2 

Gzz V y« y« 



The T-duality rules for the RR-superform potentials are 

C-(o) = i^^c-W, (A.15) 
h/Can = -Cfcli + ^ A»i(?2n-i , n = 1,2,3,4,5, (A.16) 



Here 



= i,(7 2n+1 + i 4 B 2 A ( - ga( . )gia A ^C 2n _! ] , (A.17) 
V Gzz ) 

n = 1,2,3,4 . 



SfSza ■ (A. 18) 
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A3. The complete differential form representation for the 
T-duality rules ( IXl^ - dXTLOl) 

For NS-NS superforms: 

B 2 = B 2 - (dy + izB 2 ) A \dz + ^ J + dyAdz, (A.19) 

or 

B 2 = B 2 - —E*AE*-r^ + dy Adz . (A.20) 

h y E z 

For RR-superforms: 

C = i 2 C + (dy + i 5 5 2 ) A ^C(-) - —rg- A > ( A - 21 ) 

or 

C = -i y C + (dg + i y B 2 ) A f C ( ~ } - i y C A -^j- J . (A.22) 

For fermionic supervielbeins: 

e l«(^i - l£V/ 7 V 7l $) = eB* (^ - ^ a ^V 7 i$) - 
8 8 

_ e |i (£# + e |(*-*) E *) ^ + ^#/37v 7l ^ , (A.23) 
_ e |* (£# _ e !(*-4)£*) ^7 f M + * ff # . (A.24) 



A4. T-duality for the field strengths 

For NS-NS superfield strengths H 3 = dB 2 and H 3 = dB 2 the T-duality rules read 

/ £#H\ . / #*(-)\ 

H 3 = H 3 -[dz + —rjr- A i g H 3 +\dy + —— A i y H 3 , (A.25) 



or, equivalently, 



H 3 = H 3 l — tE*AT# + — l — T E*AT*+ (A.26) 

£* EJ E* EJ 

K# (E# A £ b A w~ b * - E* A E l A + E* AE# Adlog\E* Et\j . 



e;e z 



For RR superfield strengths the T-duality rules can be collected in the relation 

R*(-) . £#R 
22 = -i £ J2 + (dy + — -) A (R + (dz + -g-^) A i s R) . (A.27) 

E. 



22 



References 

[1] J. Polchinski, Phys. Rev. Lett. 75 (1995) 4724; Superstring Theory, V.1,2. CUP, 1998. 

[2] T. Buscher, Phys. Lett. B194 (1987) 59; Phys. Lett. B201 (1988) 466; 
A. Giveon, M. Porrati and E. Rabinovici, Phys.Rept. 244 (1994) 77-202. 

[3] M. J. Duff and J. X. Lu, Nucl. Phys. B354 (1991) 129; 

M. J. Duff, R. R. Khuri and J. X. Lu, Phys. Rep. 259 (1995) 213. 

[4] E. Bergshoeff, C. Hull and T. Ortm, Nucl.Phys. B451 (1995) 547. 

[5] E. Bergshoeff and M. de Roo, Phys. Lett. B380 (1996) 265-272. 

[6] M.B. Green, C.H. Hull and P.K. Townsend, Phys. Lett. B382 (1996) 65-72. 

[7] C. Hull, B509 (1998) 216 |arXiv:hep-th/9705162| . 

[8] E. Eyras, B. Jans sen and Y. Lozano, Nucl.Phys. B531 (1998) 275 
|arXiv:hep-th/9806169] . 

[9] D. Brace, B. Morariu and B. Zumino, Nucl. Phys. B 549, 181 (1999) 



!arXiv:hep-th/9811213 


; M. Fukuma, T 


103, 425 (2000) 


arXiv:hep-th/9907132 



[10] R.C. Myers, JHEP 9912 (1999) 022 |arXiv:hep-t h/9910053 . 

[11] J. Simon, Phys. Rev. D61 047702 (2000) |arXiv:hep-th/9812095| . 

[12] M. Cvetic , H. Lii, C .N. Pope and K.S. Stelle, Nucl.Phys. B573 (2000) 149-176 
|arXiv:hep-th/9907202] . 



[13] S. F. Hassan, Nucl.Phys. B568 (2000) 145-161 (hep-th/9907152 ); Nucl.Phys. B583 
(2000) 431-453 | |arXiv:hep-th/9912236| . 

[14] B. Kulik and R. Roiban, T-duality of the Green-Schwarz superstring, JHEP 0209, 
007 (2002) arXiv:hep-th/0012010| . 

[15] W. Siegel, Phys. R ev. D47 (1993) 5453-54 59 |arXiv:hep-th/93020361 ; Phys. Rev. D48 
(1993) 2826-2837 |arXiv:hep-th/9305073| . 

[16] I. Bakas, Phys. Lett. B343 (1995) 103-112 |arXiv:hep-th/9410104|; 

I. Bakas and K. Sfetsos, Phys. Lett. B349 (1995) 448-457 |arXiv:hep-th7 9502065 ; 

String effects and held theory puzzles with super symmetry, hep-th/9601158 

E. Alvarez, L. Alvarez-Gaume and I. Bakas, Nucl. Phys. B457 (1995) 3-26 

|arXiv:hep-th/9507lT2] . 

[17] M. Cederwall, A. von Gussich, B.E.W. Nilsson, P. Sundell and A. Westerberg, 
The Dirichlet super p—branes in ten-dimensional type IIA and IIB supergravity, 
Nucl.Phys. B490 (1997) 179-201 arXiv:hep-th/9611159| . 

[18] J. Dai, R. G. Leigh and J. Polchinski, Mod. Phys. Lett. A4 (1989) 2073; 
R. G. Leigh, Mod. Phys. Lett. A4 (1989) 2767. 



23 



[19] P.S. Howe and P.C. West, Nucl. Phys. B238 (1984) 181. 

[20] J.L. Carr, S.J. Gates and R.N. Oerter, Phys. Lett. B189 (1987) 68; 

S. Bellucci, S.J. Gates, B. Radak and Sh. Vashakidze, Mod. Phys. Lett. A4 (1989) 
1985. 

[21] Y. Neeman and T. Regge, Riv. Nuovo Cim. 1 (1978) 1; 

R. D Auria, P. Fre and T. Regge, Rev. Nuovo Cim. 3 (1980) 1; 

T. Regge, The group manifold approach to unified gravity, in: Relativity, groups and 
topology II, Les Houches, Session XL, 1983, Elsevier S.P., 1984, pp. 933-1005; 
L. Castellani, R. D'Auria and P. Fre, Supergravity and superstrings, a geometric 
perspective, v. 2, World Scientific, 1991, and references therein. 

[22] I. Bandos, D. Sorok in and D. Volkov, Phys. Lett. B352 (1995) 269-275 
arXiv:hep-th/9502141 ; I. Bandos, D. Sorokin and M. Tonin, Generalized action 
principle and superheld equations of motion for D = 10 Dp-branes, Nucl. Phys.15497 
(1997) 275-296 |arXiv:hep-th/9701127| . 

[23] LA. Bandos, J. A. de Azcarraga, J.M. Izquierdo and J. Lukierski, D=4 supergrav- 
ity dynamically coupled to a massless superparticle in a superheld Lagrangian ap- 
proach, Phys. Rev. D67 (2003) 065003 |arXiv:hep-th7 0207139 ; Gravity, p-branes 
and a spacetime counterpart of the Higgs effect, Phys. Rev. D68 (2003) 046004 
arXiv:hep-th/0301255 ; On dynamical supergravity interacting with super-p-brane 
sources, arXiv:hep-th/0211065 . 

[24] IA. Bandos, JA. de A zcarraga and J.M. Izquierdo, Phys. Rev. D65 (2002) 105010 
arXiv:hep-th/0112207 ; On the local symmetries of gravity and supergravity mod- 
els, in il Super symmetries and Quantum Symmetries" (SQS01), Proc. of XVI Max 
Born Symposium, Karpacz, Poland, September 21-25, 2001 (Eds. E. Ivanov, S. 
Krivonos, J. Lukierski and A. Pashnev), JINR Publishing, Dubna, 2002, pp. 205- 
221 |arXiv:hep-th/0201067| . 

[25] K. Kamimura and J. Simon, T-duality covariance of and super-D-branes, Nucl. Phys. 
B585 (2000) 219-252 |arXiv:hep-th/0003211| . 

[26] M.J. Duff, P.S. Howe, T. Inami, K.S. Stelle, Phys. Lett. B191 (1987) 70. 

[27] S.J. Gates, K.S. Stelle and P.C. West, Nucl.Phys. B169, 347 (1980); 
W. Siegel and S.J. Gates, Nucl. Phys. B163 (1980) 519. 

[28] M. Cederwall, B.E.W. Nilsson and D. Tsimpis, Spinorial cohomology and maximally 
supersymmetric theories, JHEP 0202 (2002) 009 |arXiv:hep-th/0110069| ; M. Ceder- 
wall, B.E.W. Nilsson and D. Tsimpis, Spinorial cohomology of abelian d=10 super- 
Yang-Mills at a' 3 , JHEP 0211 (2002) 023 |arXiv:hep-th /0205165|. 

[29] P. S. Howe and D. Tsimpis, On higher-order corrections in M theory, JHEP 0309, 
038 (2003) arXiv:hep-th/0305129| . 

[30] P. Meessen and T. Ortin, Nucl. Phys. B 541 (1999) 195 |arXiv:hep-th/9806120| . 



24 



